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COHOMOLOGICAL HALL ALGEBRAS AND CHARACTER VARIETIES 

BEN DAVISON 


Abstract. In this paper we investigate the relationship between twisted and untwisted char¬ 
acter varieties via a specific instance of the Cohomological Hall algebra for moduli of objects 
in 3-Calabi-Yau categories introduced by Kontsevich and Soibelman. In terms of Donaldson- 
Thomas theory, this relationship is completely understood via the calculations of Hansel and 
Villegas of the E polynomials of twisted character varieties and untwisted character stacks. We 
present a conjectural lift of this relationship to the cohomological Hall algebra setting. 


1. Introduction 


A fundamental object of research in the study of Higgs bundles on a 
is the twisted character variety 


genn^ g complex 


cnrve 


( 1 ) 


Ai,... ,Ag,Ri,... e GL„(C) such that \ mpy 
nf=i = exp(27rv^/n)Id„xn ) ” ’ 


where the set in brackets is considered as a sub algebraic variety of GL„(C)^^, and the action of 
PGL„(C) is the simnltaneons conjugation action on all of the Aj and the Bi. By the quotient 
we mean the categorical quotient in the category of complex schemes - this exists by a theorem 
of Nagata, see for instance [2T]. By m Cor.2.2.7] the PGL„(C)-action is free, so that the 
underlying topological space of ([I]) is the orbit space of the PGL„(C)-action. 

The link between m and Higgs bundles is as follows. Let G be a nonsingular complete 
complex genus g curve. The moduli space of semistable rank n degree 1 Higgs bundles on C is 
defined as follows: 


( 2 ) 



semistable {V, 9) with V a vector bundle, 

9 G H°(nc< (g) End(V)), deg(V) = 1 and rank(V) = n 


/isomorphism. 


The 9 in the above definition is known as the Higgs field, an isomorphism of pairs (V, 9) —>• (V', 9') 
is an isomorphism / : V —)• V' compatible with 9 and 9' in the obvious way, and semistability is 
the condition that any sub-bundle V of V preserved by the Higgs held satishes 


deg(V')/rank(V') < 1/n. 


The quotient ([2]) arises as a complex algebraic variety via Geometric Invariant Theory - see for 
example [25]. The nonabelian Hodge theorem, proved for complex curves via a combination of 
work of Hitchin |14] . Corlette |2] and Donaldson |8|, states that there is a diffeomorphism 


^Throughout the paper we assume <? > 1. 
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and so we obtain an isomorphism 

between the singular cohomology groups with rational coefficients of these two varieties (the 
reader may wish to consult the appendix of [26] for a very approachable overview of this part of 
the theory). The mixed Hodge structure on Q) is pure of weight i (see for example 

the discussion in 0); on the other hand the mixed Hodge structure on Q) is not 

pure. This leads to some of the main problems in the subject: to understand the mixed Hodge 
structure Q), and to describe the image of the weight filtration of Q) 

on H*(A^°°i‘-(C'), Q) under the isomorphism H*(<h, Q). The P=W conjecture of | 6 ] states that the 
weight filtration on Q) becomes the perverse filtration on H*(A^°°[(C'), Q), dehned 

in terms of the Hitchin system (see | 6 ] for details). We will concentrate on Q), 

saying a few words about the P=W conjecture at the end of the paper. 


Consider instead the space 


(3) 


( Ai,, Ag , Bi,..., Bg G GLn(C) 

\ such that nf=i AiBiA~^Br^ = Id^xn 




/GK(C). 


The space in brace brackets can be considered as a variety parametrising representations of 
' 7 ri(C'). If n > 2 , then in contrast with the twisted character variety ([T|) the action of GL„(C) 
on the space in brackets is not free, even after replacing it with the action of PGL„(C) - for 
instance if 1 denotes the trivial representation of 7 ri(C'), the stabiliser group of 1®”" is the whole 
of PGL„(C). We consider ([3|) as a stack theoretic quotient - it is isomorphic to the Artin stack 
of n-dimensional representations of 7 ri(G). An overview of Artin stacks, and in particular global 
quotient stacks, is provided by Gomez’s paper [T 2 |. The dehnition of the stack ([3|) as a functor 
from affine schemes to groupoids starts as follows: X = Spec(B) is sent to the groupoid of 
B(S> C[ 7 ri(C)]-modules which are locally free of rank n over B. 

The space is smooth, and as such there is an isomorphism of mixed Hodge structures 


(4) H*(M®f«i’"",Q) ^H’(M®f“i’"",Q)*{dimc(M®f«i®")} 

given by Poincare duality. Here and from now on we use the notation L{i} := L(8 )qQ(— i)[—2z], 
where Q(—i) is the 1-dimensional mixed Hodge structure of weight 2i and the square brackets de¬ 
note the cohomological shift of degree. On the other hand the untwisted character stack 
is not smooth, so it matters whether we study its cohomology or dual compactly supported 
cohomology. We pick the latter, and recall the definition in Section [2j 

To relate H*(A4g®n^^®",Q) to H*(A4®®“’^,Q)* we introduce some notation and results from 
m- Given a cohomologically graded mixed Hodge structure L*, define the mixed Hodge poly¬ 
nomial 

hp{L',x,y,t) = dime (Grf’(Gr^b(L^ (g)QC)))x“yV. 

All mixed Hodge structures L that arise will satisfy Grf’(Gr^ 5 (L( 8 )QC)) = 0 if a / 6 , so we may 
as well pass to the two variable specialization hp(L*, g, t) = hp(L*, y/q, y/q, t). Setting E{L‘,q) := 
hp(L*,g, —1) we obtain a specialization of hp(H*(Ai,Q)), for X an algebraic variety, that is a 
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motivic invariant in the sense that for U <Z X an open subvariety, E(H*(X,Q)) = E(H*([/,Q)) + 

E(H*(X \ U,Q)). The main result of [13] is the explicit calculation of 

Using the same techniques the authors also calculate [T31 Thm.3.8.1]. 

To relate these two calculations we use the language of plethystic exponentials (see ini). 

Let Vectgi be the category of Zhgraded vector spaces, with hnite dimensional graded pieces. 

Taking characteristic polynomials gives an isomorphism Ko(Vect 2 i) ^ Z[[xf ...,Let 
Vectg^ C Vectgi be the subcategory of vector spaces V which are strictly positively graded 
with respect to the first Z-grading, and for which the coefficient of each xf in y;([U]) is a 
formal function in the remaining variables with a finite order pole at the origin. We may 
identify Ko(Vect^;) with a subring of via x- Eurthermore there is a functor 

fSym: Vect^j —)• Vect^j taking V to the underlying vector space of the free commutative 
algebra generated by V, and a function 

Exp := Ko(fSym): Ko(Vect+) Z[[xf\ .. .,xf^]]. 

Returning to character varieties, we relate the calculation of Q)) to E(H*(A^g®“^, Q)). 

Consider the graded mixed Hodge structures 

(5) Wf"‘ :=0H,(AI“*‘,Q){(1 -9)nn*, 

n>0 

(6) =0H,([7W^f«i’^VGLi(C)],Q){(l -5)n2}*. 

n>l 


Here we give Ai 


Betti,tw 


the trivial GLi(C) action. There is an isomorphism in cohomology 


He([M®"“^’^7GLi(C)],Q)^He 


Ai,... ... e GL„(C) such that 1 ,p. /px 

Y\i=iAiBiA~^B~^ = exp{27ry/^/n)ldnxn ) ''J ’ 


so that ([6]) is the cohomology of the stack of twisted representations of the fundamental group 
of C. Applying E(«) to each graded piece of these mixed Hodge structures, we obtain formal 
power series := G xZ[[x,g^^]] and G Z[[x,g^^]]. 

Combining the results of m gives the remarkable relation 

(7) Exp(E(iRf“i’"")) = 

The goal of this paper is to understand relation ([7]). We will show that, guided by the theory of 
BPS algebras, or cohomological Hall algebras of objects in 3-Calabi-Yau categories, we can put 
a kind of Hopf algebra structure on the mixed Hodge structure and we conjecture that 

the resulting algebra satisfies a PBW theorem. The relation ([7]) then becomes the statement 
that the E series of the subspace of primitive elements in the PBW basis for is exactly 

the E series of leading naturally to our main conjecture. 


Conjecture 1.1. There is an isomorphism of mixed Hodge structures 


fSym(77f“"’^”) 


= n 


Betti 
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The conjecture implies that the mixed Hodge polynomials of the spaces are encoded 

in the mixed Hodge power series of the spaces , and vice versa, providing new lines of 

attack on the conjectures of Hausel and Rodriguez-Villegas regarding these polynomials. 

2. Equivariant Cohomology and Vanishing Cygles 

Before launching into the construction of cohomological Hall algebras arising from Jacobi 
algebras and vanishing cycles, we collect together some of the background definitions. 

Let X be an arbitrary variety equipped with a G-action, and a faithful embedding of algebraic 
groups G C GLc(m). We first define the compactly supported cohomology of the global quotient 
stack [X/G] (see [l2] for a definition of this stack). For M > m let Fr(m,M) be the space of 
m-tuples of linearly independent vectors in C^. There are natural inclusions Fr(m, M) —)• 
Fr(m, M + 1) inducing inclusions 

V XGFr(m,M) ^ X XGFr(m,M + 1) 
and Gysin morphisms in the category of mixed Hodge structures 

(8) Hc(X Xg Fr(m, M),Q){—mM} —^ Hc(X Xq Fr(m, M + 1), Q){—m(M + 1)} 
obtained by applying {X Xq Fr(m, M + 1) —)• pt)| to the adjunction map 

(9) 'lM,\Q.XXG'Pr:{m,M){-'mM] QAXGFr(m,M+l)+ !)}• 

We dehne Hc([X/G],Q) to be the limit of these maps. 

Now let X be a smooth complex variety, and let / € T[Ox) be a function on it. Let 
D^(X,Q) denote the derived category of sheaves of Q-vector spaces on X with analytically 
constructible cohomology (all subsequent functors are assumed to be derived). Then if we 
define X>o ;= {x G X\f{x) G M>o} and Xq := {x G X\f{x) = 0}, we dehne the functor 
D^(X,Q)^D^(X,Q) by 

= (Xo ^ X),(Xo ^ X)*(X>o ^ X)*(X>o ^ X)L 
For instance, applying ■0/ to Qxj we obtain the sheaf 

(Xo ^ X),(Xo ^ X)*(X>o ^ X),Qx>o 

supported on Xq, the sheaf of nearby cycles on X. As dehned this is actually an object in 
Q), and is rarely represented by an actual sheaf. Via the adjunction id —)• (X>o — )• 
X)*(X>o —)• X)* we obtain a natural transformation 

(10) (Xo^X),(Xo^X)* AV'/ 

and we dehne ‘ff = cone{q) (with some care this cone can be made functorial - see for instance 
Ex. VHL13 of [II]). By abuse of notation we will often just denote ■= The shift 

here is for book-keeping purposes later. In fact the functor cpf dehned above lifts to an endo- 
functor of the derived category of mixed Hodge modules ipf : D^(MHM(X)) —)• D^(MHM(X)). 
For this paper we needn’t say anything about the category of mixed Hodge modules except that 
there is a forgetful functor D^(MHM(X)) —)■ D^(X, Q) which is faithful, the six functor for¬ 
malism of Grothendieck and the functors V’/ and (pf lift to D^(MHM(X)), and D^(MHM(pt)) 
is the derived category of mixed Hodge structures. The interested reader can consult [22| for 
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more details. We recover Deligne’s mixed Hodge structure on H*(X, Q) for X an arbitrary va¬ 
riety, by applying (X —)• pt); to the constant mixed Hodge module Q(0) on X, and the mixed 
Hodge structure of Steenbrink and Navarro Aznar on H*(X, (/jy) by applying {X —)• pt)* to 
iff G D^(MH1V[(X)). We will use four facts regarding vanishing cycles: 

(1) For p: X ^ V a proper map and / G r(Oy), there is a natural isomorphism (p/p^ —t- 

p*Pfp- 

(2) For q: X —>• H an n-dimensional affine fibration, there is a natural isomorphism H*(y, (pf) 
Rl{X,pf,){-n}. 

(3) The support of pjQx is exactly the degeneracy locus of /. By shrinking X we always 
assume that this is a subspace of /“^(O). 

(4) (Thom-Sebastiani isomorphism) For /j G F(ClyJ two functions, there is a natural iso¬ 
morphism Hc(Yl,(/?/i) ( 8 )Hc(l 2 ,¥ 5 / 2 ) - Hc(yi X Y2,ip^*f^+n*f2)- 

The fourth fact is a theorem of Massey [18] , at the level of the underlying cohomologically graded 
vector spaces, and an unpublished theorem of Saito at the level of ‘monodromic mixed Hodge 
structures’. For the mixed Hodge structures we will encounter, there is an independent proof 
from the theory of dimensional reduction, see the appendix of [I] . 

Finally, let X be a smooth algebraic variety equipped with a G-action, where as above we have 
a faithful embedding G C GLc(m), and let / be a G-invariant function on X. Then / induces 
functions /m on each of the spaces XxGfr(m, M), and applying (X Xg fr(m, M -|- 1 ) —>• pt)| 
to the adjunction map (|in|l . and applying the natural isomorphism of fact m above, we obtain 
Gysin maps 

(11) Hc(X xaFr{m,M),ipf^){-mM} -G Hc(X XGFr(m,M l),ipf^^J{-m{M + 1)} 
and we define Hc([X/G], 99 ^) to be the limit of these maps. 

3. The Theory of BPS State Counting for 3-Calabi-Yau Categories 

The algebra structure that we define on comes from the Hall algebra construction in 

noncommutative 3-Calabi-Yau geometry introduced by Kontsevich and Soibelman in |17] . We 
provide a short overview of the theory, in the generality that we need. 

Definition 3.1. |16] A (not necessarily commutative) algebra B is nc smooth if it is finitely 
generated and for any algebra A, and any two-sided ideal Id A satisfying 1^ = 0 for re S> 0, every 
algebra homomorphism f : B ^ A/1 lifts to a morphism f : B ^ A such that the composition 
B ^ A ^ A/I is equal to /. 

Given a finitely generated algebra B we define Rep„(H) to be the stack of re-dimensional 
representations of H. In the language of sheaves of groupoids, if A is a commutative alge¬ 
bra, Rep„(H)(Spec(A)) is the groupoid obtained by forgetting noninvertible morphisms in the 
category of A ( 8 ) H-modules, locally free over A, of rank re at each geometric point of A. 

Convention 3.2. It will often be convenient to fix a presentation for B: 

B ^ C(a;i,... ,xt)/(ri,r 2 ,...). 
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Let Rep„(i?) C Matnxn(C)^* be the subscheme cut out by the matrix valued relations ri, r 2 ,.... 
Then Rep„(R) is isomorphic to the stack theoretic quotient [Rep„(R)/ GL„(C)] formed by 
equipping Mat„xn(C)^* with the simultaneous conjugation action. From this description we see 
that Rep„(R) is a hnite type global quotient Artin stack. If / is a function on Rep„(R) we 
denote by / the induced function on Rep„(R). 

Proposition 3.3. Let B be a nc smooth algebra. Then Repjj(R) is a finite type smooth Artin 
stack. 

Proof. We have already seen that Rep„(R) is a finite type Artin stack. It is enough to show 
that the atlas Rep„(R) is smooth (see [12] )■ Recall the following criterion for smoothness [Tj: 
a finite type scheme Y is smooth if every map Spec(i?//) —>• Y, for I a nilpotent ideal of R an 
Artinian local ring, can be lifted to a map Spec(i?) —)■ T. A map Spec(i?/I) —Rep„(R) is given 
by a map B —)• Matnxn{R/I) — Matnxn(R)/Matnxn(L). Now a lift exists since Matnxn(L) is a 
2 -sided nilpotent ideal of Matnxn(R)- D 

Example 3.4. Let Q be a quiver with vertices Qq and arrows Qi (our quivers are always 
assumed to satisfy IQoIj |Qi| < oo). Let B = CQ be the free path algebra of Q. Then R is a nc 
smooth algebra, and 

RepJR) - ^ 

J2m=n 

is a hnite type smooth stack (here the OiGQo GL„. (C)-action is via change of basis on the C"'*). 

Remark 3.5. As we see from Example 13.41 the stack of n-dimensional representations of a 
quiver Q, and hence the stack of representations of CQfl for any two-sided ideal /, breaks 
naturally into a disjoint union indexed by 7 G with = n. We dehne Rep.^(C(5/L) to 
be the substack corresponding to the dimension vector 7 . 

Example 3.6. Let Q be a quiver, and let Q' C Q he a subquiver. For each arrow a G Qi add 
an arrow a* with s{a*) = t{a) and t{a*) = s{a) to form a new quiver Q (here and elsewhere s 
and t stand for source and target). Recall that in the path algebra CQ, the symbol e* denotes 
the path of zero length at the vertex i. Then we dehne 

CQ := CQ/{a*a = e^(a),oo* = eti^a)\a G Q'l), 

the localized path algebra. Using the previous example one can see that this algebra is smooth, 
and 


nep^CQ) ^ 

I Hom(C'^»(“) 

,CT'‘W) X Yl Iso(CT'-(“),C^*(7) 

j / n gl^,(c) 


_ \aeQi\Qj 

aSQj y 

/ i€Qo 


is a Zariski open substack of Rep..y(CQ). We use the notation Iso(U', V") to denote isomorphisms 
from a vector space V to a vector space V. The stack Rep..j,(CQ) is a dense open substack of 
Rep.^(CQ) if and only if for every o G Q', 7 s(a) = 7 i(a). 


J] Hom(C"=W,C"47)/ Yl GL„,(C) , 

i^Qo 
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Given W (called a potential) in the vector space quotient we obtain a function 

tr(iy)^ on Rep^(i?) as follows. First, lift W to an element W £ B. For a representation p of 
B, we obtain an element tr(p(bF)), independent of which lift W we choose, by cyclic invariance 
of the trace. It follows that p —)• tr(p(VF)) defines a function on Rep..y(R). 

Given the pair (R, W) of a smooth noncommutative algebra with potential, one forms as in 
m the Jacobi algebra Jac(R, W). We will restrict to the case in which B = CQ is the localized 
path algebra associated to a pair Q' C Q, and W G Image (CQ/[CQ, CQ] —)■ B/[B,B]) is a 
linear combination of cyclic paths in Q - this simplifies the definition of Jac(R,IF). Given an 
arrow a G Qi, and u a cyclic path in Q, we define 

du/da = wv 

u=vaw 

v^w paths in Q 

and we extend to a function d/da : CQ/[CQ,CQ] —)■ R by linearity. Then 

Jac(R, IT) := B/{dW/da\a G Qi). 

Example 3.7. Let Q be the quiver with one vertex and three loops, labelled x,y,z, and let 
Q' = Q. Then the localized path algebra CQ is C{x^^, z^^), the Laurent polynomial algebra 
in three noncommuting variables. Let W = x[y,z\. Then 

dW/dx =[y, z] 
dW/dy =[z, x] 
dW/dz =[x, y] 

and Jac(CQ,IT) = C[x^^, the commutative Laurent polynomial algebra in three 

variables. Note that Jac(CQ, IT) = C[7ri((£'^)^)], the fundamental group algebra of the 3-torus. 
We will see with Proposition 14.21 that some other fundamental group algebras of 3-manifolds 
arise as Jacobi algebras. 

We consider Rep..^(Jac(R, IT)) as a substack of Rep..^(R) in the natural way: the relations 
dW/da define matrix valued functions on Rep.^(R), and Rep.^(Jac(R, IT)) is the stack theoretic 
vanishing locus of these functions. Alternatively: 

Proposition 3.8. [TTl Sec.2.3] [Ml Prop.3.8]." Rep^(Jac(R, IT)) C Rep..y(R) is the stack- 
theoretie degeneracy locus o/tr(IT).y. 

From now on we assume that R is the (possibly localized) path algebra of a quiver Q. For 
IT G CQ/[CQ,CQ], by fact ([31) from Section [2] and Proposition 13.81 be consid¬ 

ered as an object of Dj!(Rep^(Jac(R, IT)), Q), although we have defined it as an object of 
D|!(Rep..^(R),Q). We define the mixed Hodge structuriO 

(12) Hbw,! ■=^c (Rep.^(Jac(R, IT)), {-dimc(Rep.^(R))/2}* 

=H* (Rep.^(R),(/?t,(^y)^) {-dimc(Rep^(R))/2}* 

^In the sequel —dimc(R.ep.^(i3))/2 will always be an integer. See |171 Sec.3.4] for the general case. 
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and 

T~Lb,W '■= ^ 'HB,W,y ■ 

7GN‘3o 

Next we recall the algebra structure on 7iB,w- For 7 ' + 7 " = 7 we define Rep^/to 
be the stack of pairs pi C p 2 , where pi is a 7 '-dimensional representation of B and p 2 is a 
7 -dimensional representation. We may describe this stack as in Example 13.61 


Repy_y/(R) = 

I Yl HomP(C^-(“) 

,CT'tW)x IsoP(C^=w,C^‘W) 

/ H 


\o>GQi\Qi 

CLGQ'i y 

/ ieQo 


where P GL.y. (C) is the subgroup preserving and Hom^’ and Iso^ are the subspaces 

of Horn and Iso preserving the flags C . There is a diagram 

Repy (R) X Repy,(R) -s—— Repy y/(R) —^ Rep..^(R) 

and the idea of the multiplication on 'Hb,w is to pull back compactly supported cohomology 
along the map i, then push forward along the map q, then dualize. In a little more detail, we have 
seen that Repy y/(R) is the stack theoretic quotient of an affine scheme X hy P = IliGQo 
while Rep^(R) is the stack theoretic quotient of an affine scheme Y hy G = OiGQo 
compactly supported cohomology Hc([X/P], <y9tr(iv) ) is approximated (as in (fTT]l ) by Hc(X Xp 
Fr(n, A^), (/Jtr(VK).y jv)) where n = X^ 7 j, and h{c{\Y/G],ipi^{y/y) is defined similarly. The inclusion 
X —T is P-equivariant, and we have a proper composition of maps 

X XpFr(n,IV) ^ T XpFr(n,A^) ^ Y XGFr(n,N). 

Applying the functor (ptr(WY,M *0 adjunction QYxGFr{n,N) ^ i2,*h,*QxxpFv{n,N) and using 
fact ( 1 ) regarding vanishing cycles we obtain a map 

Hc(y Xg Fr(n, N), Xp Fr(n, N), 

which gives the desired map h{c{\Y/G],(pi^(y/y) —>• Hc([A/P], <y9tj.(w).y) in the limit. The push- 
forward along q is defined in much the same way, this time expressing the map q in terms of 
affine fibrations, and using fact ([ 2 ]) regarding vanishing cycles. 

Via the above constructions and the Thom-Sebastiani isomorphism one obtains an associative 
product m: 7iB,w'Y i'Hb,w ^ FLb,w {see m for more details). This is the cohomological Hall 
algebra (CoHA) associated to {B,W). 

Remark 3.9. One may consider the subalgebra that is the sum of those Hb,Wg for which 7 
satisfies the condition that if 7 * 7 ^ 7 j, there are as many arrows in Q from i to j as from j 
to i. For this subalgebra the multiplication m preserves the cohomological grading, and is a 
morphism of mixed Hodge structures. 

Remark 3.10. Again imposing the restriction of Remark 13.91 the CoHA 'Hb,w carries a richer 
structure, making it into a kind of Hopf algebra object in the derived category of mixed Hodge 
structures. For a G-variety X there is a natural morphism [V/G] —^ [Ai/G] x [pt /G], inducing 
the structure of a H*([pt/G],Q) = Hg(pt, Q)-module on H*([X/G], for / a G-invariant 
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function on X. There is a localized coproduct 'HB,w,-y —^ ®Ay y, ^7',7") 

where := ,(pt,Q) <8) ^^(pt,Q), and is the localization of at the eqni- 

variant Enler class of a specihc virtnal bnndle on Rep^/(i?) x Repy/(R). This makes T-Lb.w 
into a localized Hopf algebra (see HI)- 


4. The link between Character Varieties and BPS State Counting 

The link between the cohomology of character varieties and BPS state connting, or CoHAs, 
comes in two steps. Firstly we describe a class of Jacobi algebras Jac(C(5^, TTa) that arise 
as noncommutative compactifications of C[7ri(Sg x Then we use dimensional reduction, 

which gives an isomorphism of mixed Hodge structures 

The first step requires the theory of brane tilings of Riemann surfaces. A brane tiling A of 
Tig is an embedding of a bipartite graph P in Tg such that each connected component of \ P 
(or ‘tile’) is simply connected. We assnme that we are given a colouring of the vertices of P with 
black and white such that no two vertices of the same colonr are joined by an edge. We pick 
a smooth embedding of the dnal graph of A in Tg, this is the underlying graph of the quiver 
Qa, which we orient so that for each black vertex u of A the edges of Qa that are dual to edges 
containing v form a clockwise cycle. For every vertex u € V(A) there is a minimal cyclic path 
c-u of Qa containing all the dnals of the edges containing v, and we define 

Wa= ^ Cy- ^ c„. 

V white V black 

In this way we obtain an algebra Jac(C(5A; Wa)- Let e be an edge of A, joining vertices u and 
V, dual to the arrow a G (Qa)i- The expression dWjda is the difference — d^, where and 
dy^ are obtained by cyclically permuting so that a is at the front, and then deleting it. In 
other words, the relation dWjda = 0 imposes the condition that two homotopic paths in the 
quiver Qa become equal in the Jacobi algebra Jac(C(5A; Wa). See Fig. [Dfor an illustration. 
This does not however give a bijection between isoclasses of paths from i to j in Qa under the 
equivalence relation given by eqnality in Jac(CQA, Wa) and homotopy classes of paths between 
the vertices i and j in Tg] for instance the path is contractible, but is not equal to the path 
eyc„) in Jac(CQA, Wa). 

We obtain a better picture by thinking of paths in Q = Qa as moving in three dimensions. For 
this, assume that the edges of Q are graded by the numbers Q in such a way that Wa is homo¬ 
geneous of weight I - we then say that A is a graded brane tiling. Since Q is already embedded 
in Tg, we may define an embedding i\ Qq ^ Tg x hy defining a function vr^u: Qq — M/Z. 
First pick vq G Qq and define 'Ksii{vo) = [0]. For arbitrary u G Qo define 7r5u(u) = [|p|] in 
terms of our Q-grading, where p is any path in Q from vq to v. This vr^ii is well-defined by [Sj 
Lem.2.8]. We extend the embedding t: Qo C x to a smooth embedding Q C Tg x 
which becomes the existing embedding Q G Tg after projection onto Tg. We assume that the 
embedding is minimal in the following sense: considering each arrow a as a path a: [0,1] —)• M/Z 
via the projection onto S^, the derivative of a is nonnegative, and fg a' = |a|. 
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Figure 1. Equivalent paths in Jac(C(5A, VEa) are homotopic. 

We say that A is consistent if for all paths ui,U 2 from i to j in Q, if c^ui=c^U 2 , considered 
as elements of Ja.c{CQ/\,WA), then tti = U 2 in Ja.c{CQA,WA)- Here Cy is a minimal cycle 
around a vertex in A with s(c^) = j. If we consider Jac(C(5A) Wa) in the natural way as an 
algebra with many objects (the objects being Qo), consistency is equivalent to the condition 
that Jac(CQA; HA) is an integral domain with many objects. This condition is easy to satisfy, 
in particular, for every genus g there is a consistent, graded brane tiling for T,g - see [3] for more 
discussion. The relevance of consistency here is the following. 

Proposition 4.1 ([3]). If A is consistent then two paths ui,U 2 in Q from i to j are equal in 
Jslc{CQa, ha) if o,nd only if they are homotopic in Tjg x S^. 

Pick a maximal tree T C Qa-, and let x S^)^ be obtained by contracting t(T) to a point. 
The natural map 7ri((Sg x 5^)) —)• 7ri((Sg x S^)') is an isomorphism. The above proposition 
states that if A is consistent then the resulting map Jac(C(5A) H^A)ej —C[7ri((Sg x 5^)')] is 
injective for all i^j £ (Qa)o, and we obtain an embedding depending on our choice of T 

(13) tA: Jac(CQA,HA) C Matrxr(C[7ri(Sg x S^)]), 

where r = |(Qa)o|- 

Proposition 4.2. Let A be an arbitrary brane tiling ofT,g, and localize with respect to the pair 
Qa C Qa- Then there is an isomorphism 

Jac(C^, Wa) = MaQxr(C[7ri(Sg x 5^)]). 

Proof. We extend tA to a map Jac(CQA,HA) —^ Matr.xr(C[7ri(Sg x S"^)]). It is not hard to 
check that this map is surjective; we show injectivity. If tA{p) = for two paths p and p' 

in Qa starting at i G (Qa)o) then A(p~^pO = the elementary matrix with entry 1 in the 
(i, i)th place and zeros elsewhere. But p~^p' = in Jac(CQA, HA) for some A, by [U Lem.2.7], 
from which we deduce that A = 0 and p = p' \n Jac(CQA, HA)- HI 

Note that no reference to consistency is made in Proposition 14.21 Thinking of Jac(CQA, HA) 
as an algebra with many objects, this is explained by the fact that the localized Jacobi algebra 
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Jac(C(5A) is always an integral domain with many objects, regardless of whether A is 
consistent or not. 

5. Dimensional Redugtion for Brane Tiling Algebras 

Recall that we always assume that g > 1. Let A be a consistent brane tiling on Sg, and let 
D^^(Jac(C(5A) ^La)) be the subcategory of the derived category of complexes of modules over 
the associated Jacobi algebra consisting of complexes with finite dimensional total cohomology. 
Then Dy^(Jac(C(5A; JLa)) shares some features with D^(Coh(A)), the bounded derived cate¬ 
gory of coherent sheaves on a smooth projective Calabi-Yau 3-fold A, namely by [3l Cor.4.4] 
there is a natural equivalence of bifunctors 

ExC(M,iV) ~ Ext^-\N, M)* 

for N,M G Dj^(Jac(C(5A) hhA)). On the other hand, by Poincare duality, Dj^(C[7ri(Sg)]) 
carries a similar equivalence of bifunctors, but with a shift of 2 - the category Dj^(C[7ri(Sg)]) 
has more in common with the category of coherent sheaves on a Calabi-Yau 2-fold than a 3-fold. 
The purpose of this section is to explain how it is, then, that the cohomology of the untwisted 
character stack shows up in the study of CoHAs for certain brane tiling algebras. 

We use cohomological dimensional reduction of vanishing cycles, for which the setup is very 
general (see [T] for the motivic analogue). Let Y be a G-variety, and let E be the total space 
of a G-equivariant vector bundle on Y. We assume that every point of Y is contained in a 
G-equivariant affine subvariety of Y. 

Proposition 5.1. Let f be a regular function on \E/G] that is homogeneous of weight one 
with respect to the scaling action of C* along the fibres o/vr: E ^ Y. Let i: [Y/G] /~^(0) 

be the maximal subspace of f~^{0) satisfying 7r“^7r([Z/G]) = [Y/G]. Then there is a natural 
equivalence 

(14) T: ^ mLi*TT*: D''(MHM([Y/G])) ^ D^(MHM([Y/G])). 

The proof in the case in which Y is a single affine variety is contained in the appendix of [1] . 
The general case is then a consequence of the fact that the statement is local on Y. Applying 
([Y/G] pt)! to T(Q[y/c']), we obtain 

H*([E/G],<^/) - H*([Y/G],Q) ( - H-([7r(Y)/G],Q){dimc(7r)}). 

Now let {Q, W) be a quiver with potential. A cut of {Q, W) is a set E C Qi of edges such that 
if we grade the edges Qi by setting |a| = 1 if a G E and |a| = 0 otherwise, W is homogeneous 
of degree one. Let E C Qi be a cut of (Q, lY), and let Q'd Q he a. subquiver containing none 
of the arrows of E. We define Q~ = Q \ E hy removing the edges of E, and consider the pair 
Q' C Q~, forming the localized path algebra CQ~. We define the 2-dimensional Jacobi algebra 

Jac 2 d(^,fY,E) := ^/{a,dW/da\a £ E) ^ C^/{dW/da\a G E). 

Note that although a £ E is not an element of CQ~, dWfda is, by the grading conditions. 
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Example 5.2. Let {Q,W) be the three loop quiver with potential from Example 13.71 let E = 

{z}, and let Q' C Q he the quiver containing the two loops x,y. Then Q~ = Q', and CQ~ = 
The set {dW/da\a G E} is just {xy — yx}, so that 

Jac2d(^,PE,E) ^C[7ri((5i)2)]. 

Proposition 5.3. Let Q' C Q,W,E satisfy the above conditions. There is an isomorphism of 
cohomologically graded mixed Hodge structures 

H* ( Rep^(Jac(C(5, W),iptr(w).y)) - H* ( Rep^(Jac 2 d(CQ, W, E)),Q) { 7s(a)7t(a)}- 

aeB 


Proof. Note that tt: Rep^(CQ) —)• Rep^(C(5 ) is a 7 s(a) 7 t(a)-dimensional GL^(C)-equivariant 
vector bundle, since we do not localize with respect to any of the arrows in E. So we can apply 
Proposition 15.11 since tr(lT)^ is a weight one function on Rep^(C(5) with respect to the scaling 
action of vr. We have to work out Z, in the notation of Proposition 15.11 In the notation of 
Convention 13.21 it is enough to work out Z C Rep.^(C(5). We write tv{W).y = 
where /* are functions on Rep..j,(CQ“) and the Xij^a are linear coordinates on the fibres of tt given 

on a representation p G Rep^(C(5) by the (z,j)th entry of /?(a), for a ^ E. Then Z is the locus 
where all the fij^a vanish. But fi^j^a is just the (j, i)th entry of dW/da{p), so Z is the locus where 
all the matrix valued functions dW/da vanish, i.e. Z = 7r“^(Rep.^(Jac2d(CQ, VP, E))). □ 

Proposition 5.4. Let A be a brane tiling of let E be a cut of Q^, and let Q' C Qa be 
the subquiver containing all those edges not contained in E. Let r = |((5a)o|- There is an 
isomorphism 

Jac2d(C(5 A, VPa,E) = Matrxr(C[7ri(Sg)]). 

Proof. There is a map j : Jac2d(C(5 A; VPa, E) —)■ Jac(C(5A; VPa) induced by the natural map 

CQl/{dWA/da\a G E) ^ Jac(C^,lPA), 

this is a map of nonnegatively graded algebras after placing the domain in degree zero and giving 
the target the grading satisfying |a| = 1 for a G E, |a| = 0 otherwise. The degree zero part of 
the Jacobi ideal {dW a/ da\a G {Qa)i) is exactly {dWA/da\a G E), considered as a two-sided 

ideal of and so j is just the inclusion of the degree zero piece of Jac(CQA) VPa)- 

We extend tA of (flJl) to Jslc{CQa,Wa) - the extension is injective by the same argu¬ 
ment as Prop. 14.21 Then we restrict this map to Jac2d(C(5 A) VPa; E). The image lies in 
Matj.xr(C[7ri(Sg x pt)]) since the arrows of Q' have weight zero. We show that this map is 
surjective. For this it is enough to show that for any path p between two vertices i and j of Qa 
there is a homotopic path in Q'. Denote a by a"*" and a* by a~. Every arrow contained in p 
that is not contained in Q' is contained in a minimal cycle c„ = ao^i ■ ■ ■ ar. We can replace by 
af ... af to obtain a homotopic path, since Cy is contractible. Note that all of oi,..., £ Q'l 

by the condition on Q'. □ 
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Proposition 5.5. For a finitely generated algebra A there is an equivalence of Artin stacks 

Rep^(A) ^ Rep^^(Mat,,xr(^))- 

f 

Proof. Say a R(8)Matrxr(^)-iiiodule M is represented by a map Spec(R) —> Rep^^(Mat,.xr(^))- 
Since Rep^^(Matrxr(^)) is finite type, / factors as Spec(R) A Spec(R') A Rep^^(Matrxr(^)) 
with p corresponding to an inclusion of a Noetherian ring B' C B, and g corresponding to a 
R'(8)Matrxr(^)-iiiodule M'. Let Cj be the space of r x r matrices with entries in A which are zero 
away from the ith column. Since M' = ©Q • M' is locally free as a R'-module it is projective, 
since B’ is Noetherian. It follows that each of the summands Ci-M' are projective too, so Ci-M' 
is locally free, and hence so is Cj • M = p*Ci ■ M. So Cj- is a natural functor from the groupoid 
of R(8)Matr.xr(^) modules locally free over B to the groupoid of R © ^d-modules locally free over 
B, with a natural inverse sending M to M © C'’ with the natural B © Mat,.xr(^)-action. □ 

Theorem 5.6. Let P(A) he the number of vertices in a brane tiling A of a surface S. Assume 
that {Qa,Wa) admits a cut E, and define Q' C Qa and CQa as in Proposition \5.4\ There is 
an isomorphism of mixed Hodge structures 

(15) H*(Rep(„,...,„)(Jac(^,ITA),</^tr(iv^))) =H*(RepJC[7ri(S)]),Q){y(A)nV2}, 

so the mixed Hodge structure of (0) carries the structure of a localized Hopf algebra in 

the category of cohomologically graded mixed Hodge structures. 

Proof. For the first statement, put together Propositions 15.,31 15.41 and 15.51 and observe that 
|R| = V{A)/2. For the second we use the construction of Section ([3|), noting the degree shift by 
dimc(Rep(„^ „)(C(5))/2 in (fl^ . Remark 13.91 and the calculation 

V{A)n^ - dimc(Rep(„^ .^„)(CQ)) =V{A)n^ - {\Qi\n^ - |Qo|n^) 

= (2 - 2g)n‘^. 

See [4] for a construction of such a (Qa, TV a) for g' > 1. □ 

6. CONGLUSION AND FURTHER DIRECTIONS 

It is striking that the shift in the relation ([7]) is exactly the shift required to turn the dual 
compactly supported cohomology of untwisted character stacks into a CoHA. It leads naturally 
to the following conjecture (suggested by Olivier Schiffmann), which would imply Conjecture 

o 

Conjecture 6.1. There is a Lie algebra structure on Hc(A4gfri^^’^", Q){(1 — g)n^}*, and 

a filtration Y on such that there is an isomorphism of algebras 

Gri^(^Betti) ^ ^ I 0H,(A4^^«i’^“,Q){(l - gWr[u] 

\n>l 
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Here it is a formal variable of weight and cohomological degree 2, and we extend the Lie 
bracket via [gu'‘,g'u^] = \g,g']u'‘^K The conjecture is partly motivated by analogy with the 
case of quiver varieties (see below, and [HI Thm.5.5.1]), and partly by relation ([7]), itself a 
consequence of Coniecture ll.il 

We finish by returning to the P=W conjecture. We say a cohomologically graded mixed 
Hodge structure L* is pure if the ith graded piece L* is pure of weight i. Note that for k G Z, 
L*{k} is pure if L* is. Furthermore, since Grj^(H*(X, Q)) = 0 for X smooth and j > i, it follows 
from the long exact sequence in compactly supported cohomology that GtY (H* (X, Q){A:}) = 0, 
for all schemes X and all values of k and j > i- Since the multiplication and comultiplication in 
are morphisms of cohomologically graded mixed Hodge structures, it follows that there 
is a sub localized bialgebra of pure cohomology Pure('H®®^*^) C Prom Conjecture 11.11 

the conjectural form for the mixed Hodge polynomials of given in [13( Conj.4.2.1], and 

|2n( Thm.5.1], we obtain the following prediction: 

(16) E(Pure(7^®®«i)) =E(He(K,'3(0)/GL„(C)],Q){(l -5)n2}*) 
where gri,g ■ Matnxn(C)^2^^ Mat„xn(C) is given by 

Eq. (fTHl) illustrates the main point of this paper: Conjecture 11.11 gives a way to translate 
conjectures regarding the cohomology of twisted character varieties into very different, but 
equivalent, conjectures regarding the cohomology of their untwisted counterparts. Eq. ([T6]l is 
the untwisted cousin of the purity conjecture of m Rem.4.4.2]. 

Let X € X be a point of an algebraic variety. Recall the deformation to the normal cone of 
X in X (see P Ch.5]): there is a map / : E —)■ such that the pullback along the inclusion 
■^c \ trivial family with fibre X, and the normal cone Nx to x embeds into the 

fibre Yq as an open subvariety. It follows that Hc(E, i/’/) = Hc(X, Q), and we have a composition 
of morphisms Hc(X 2 ;,Q) —)• Hc(EojQ) Hc(E, Q), the first coming from the open inclusion, the 
second coming from the map (HOI) . This construction gives a natural categorihcation of (1161) (in 
other words a map to underly the conjectural equality of generating series) suggested by Tamas 
Hausel. The normal cone to 1®” G Rep„(C[7ri(Sg)]) is precisely [Ai7,g(0)/GL„(C)], giving the 
map 

(17) T : ^ 0He([M-'g(O)/GL„(C)],(Q){(l -5)n2}T 

n 

Conjecture 6.2. The map T is an isomorphism after restricting to Pure(7^®®*^^). 

So far it is known at least that T is a retraction when g = 1- this is easy to see after observing 
that there is an open embedding Rep„(C[7ri(Si)]) C GL„(C)] that takes 1®” to the 

vertex of the cone GL„(C)]. The cohomological Hall algebra that is the target of 'k is 

itself the object of study from various directions, and is the object of interest when making the 
link with the work of Maulik and Okounkov m and, separately, Schiffmann and Vasserot [23] 
on the construction of Yangians associated to Nakajima quiver varieties. 

We hnally come to the P=W conjecture. On the Higgs bundle side, the map (I17p has a 
natural analogue, given by deformation to the normal cone of the point (C1®"',0) G A4°°q(C'), 
the stack of degree zero semistable Higgs bundles. By converting the problem to degree zero 
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(the equivalent move on the Higgs bundle side to moving attention from twisted to untwisted 
character varieties) we arrive at a conjectural geometric description of the lowest perversity part 
of the cohomology of the stack of semistable Higgs bundles. In conclusion, we arrive at a new 
way of understanding the pure part of the P=W conjecture, as well as relating both sides of 
nonabelian Hodge theory to the theory of BPS state counting in noncommutative geometry. 

Acknowledgements 

While writing this paper I was employed at the EPFL, supported by the Advanced Grant 
“Arithmetic and physics of Higgs moduli spaces” No. 320593 of the European Research Council. 

Referenges 

1. K. Behrend, J. Bryan, and B. Szendroi, Motivic degree zero Donaldson-Thomas invariants, Invent. Math. 192 
(2013), no. 1, 111-160. 

2. K. Corlette, Flat G-bundles with canonical metrics, J. Dili. Geom. 28 (1988), 361-382. 

3. B. Davison, Consistency conditions for brane tilings, J. Alg 338 (2011), 1-23. 

4. _ , The critical CoHA of a guiver with potential, http://arxiv.org/abs/1311.7172, 2013. 

5. M. de Cataldo, The Hodge theory of character varieties, Current Developments in Algebraic Geometry, MSRI 
Publications, 2011, pp. 85-111. 

6. M. de Cataldo, T. Hansel, and L. Migliorini, Topology of Hitchen systems and Hodge theory of character 
varieties, Ann. Math. 175 (2012), 1329-1407. 

7. J. Dieudonne and A. Grothendieck, Elements de geometrie algebrigue: IV. Etude locale des schemas et des 
morphismes de schemas, Premiere partie, vol. 20, Publications Mathematiques de ITHES, 1964. 

8. S. K. Donaldson, Twisted harmonic maps and self-duality equations, Proc. London Math. Soc. 55 (1987), 
127-131. 

9. W. Fulton, Intersection theory. Springer-Verlag, Berlin, 1984. 

10. E. Getzler, Mixed Hodge Structures of configuration spaces, http://arXiv. org: math/9510018 , 1995. 

11. V. Ginzburg, Calabi-Yau algebras, http://arxiv.org/abs/math/0612139, 2006. 

12. T. Gomez, Algebraic stacks, Proc. Indian Acad. Sci. Math, vol. Ill, 2001. 

13. T. Hausel and F. Rodriguez-Villegas, Mixed Hodge polynomials of character varieties. Invent. Math. 174 
(2008), 555-624. 

14. N. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc. 55 (1987), 59-126. 

15. M. Kashiwara and P. Schapira, Sheaves on Manifolds, Grund. der Math. Wiss., vol. 292, Springer - Verlag, 
1990. 

16. M. Kontsevich and A. Rosenberg, Noncommutative smooth spaces. The Gelfand Mathematical Seminars, 
1996-1999, Gelfand Math. Sem., Birkhauser Boston, Boston, MA, 2000, pp. 85-108. 

17. M. Kontsevich and Y. Soibelman, Cohomological Hall algebra, exponential Hodge structures and motivic 
Donaldson-Thomas invariants. Comm. Num. Th. and Phys. 5 (2011), no. 2, 231-252. 

18. D. B. Massey, The Sebastiani-Thom isomorphism in the Derived Category, Comp. Math. 125 (2001), no. 3, 
353-362. 

19. D. Maulik and A. Okounkov, Quantum Croups and Quantum Cohomology, 
http://arxiv.org/abs/1211.1287 

20. S. Mozgovoy, Motivic Donaldson-Thomas invariants and McKay correspondence, 
http://arxiv.org/abs/1107.6044 

21. P. E. Newstead, Introduction to moduli problems and orbit spaces, Tata Institute of Fundamental Research 
Lectures on Mathematics and Physics, vol. 51, Springer - Verlag, 1978. 

22. M. Saito, Introduction to mixed Hodge modules, Asterisque 179—180 (1989), 145-162. 

23. O. Schiffmann and E. Vasserot, Cherednik algebras, W-algebras and the equivariant cohomology of the moduli 
space of mstantons on A^, Publications Mathematiques de ITHES 118 (2013), no. 1, 213-342. 



16 


B. DAVISON 


24. E. Segal, The A^o deformation theory of a point and the derived categories of local Calabi-Yaus, J. Alg. 320 
(2008), no. 8, 3232-3268. 

25. C. Simpson, Moduli of representations of the fundamental group of a smooth projective variety /, I, Inst. 
Hautes Etudes Sci. Publ. Math. 79 (1994), 867-918. 

26. R. Wells, Differential Analysis on Complex Manifolds, 3rd ed., vol. 65, Springer-Verlag, Berlin, 2008, with an 
appendix by O. Garcia-Prada. 

B. Davison: EPFL 

E-mail address', nicholas.davison@epfl.ch 


